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In this letter we investigate the ﬁrst law of thermodynamics of the two-dimensional conformal ﬁeld 
theory (CFT) that is dual to black holes. We start from the Cardy formula and get the CFT thermodynamics 
with minimal reasonable assumptions. We use both the microcanonical ensemble and canonical ensemble 
versions of the Cardy formula. In the black hole/CFT correspondence the black hole is dual to a CFT with 
excitations, and the black hole mass M and charge N correspond to the energy and charge of the excited 
CFT. The CFT left- and right-moving central charges cL,R should be quantized, and so we assume that 
they are mass-independent. Also we assume the difference of the left- and right-moving sector levels 
NL–NR is mass-independent dual to level matching condition. The thermodynamics of two-dimensional 
CFT we get is universal and supports the thermodynamics method of black hole/CFT correspondence.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
How to understand the area law of the Bekenstein–Hawking en-
tropy of the black hole [1,2] in a microscopic way is one of the 
intriguing issues of quantum gravity. The entropy for some kinds 
of extremal black holes in string theory could be reproduced by 
counting the degeneracy of brane conﬁgurations forming the black 
hole [3]. Also, one could use the fact that the quantum gravity 
in three-dimensional anti-de Sitter (AdS3) spacetime is dual to a 
two-dimensional (2D) conformal ﬁeld theory (CFT) [4], and get the 
entropy of some black holes by counting the microstates of the 
near horizon geometry [5]. In recent years, this has been devel-
oped further to the study of ordinary rotating and/or charged black 
holes [6,7]. Recent developments emphasize the role of the asymp-
totic symmetry group of the near horizon geometry of extremal 
black holes [6] and the hidden conformal symmetry in the scatter-
ing of a scalar off the nonextremal black holes [7], instead of string 
techniques, to set up the correspondence.
It has been long observed that the mass-independence of the 
entropy product of the outer and inner horizons S+S− and the 
inner mechanics might play important roles in the holographic de-
scriptions of black holes [8–12], based on which there proposed 
the thermodynamics method of black hole/CFT correspondence 
proposed in [13–15]. It was found that many universal quantities 
of the dual CFT could be constructed using the thermodynamic 
quantities of the black hole outer and inner horizons. We will re-
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SCOAP3.view the method below. One of the essential assumptions in the 
method is the thermodynamics of the 2D CFT. In this letter we 
will investigate the ﬁrst law of thermodynamics of 2D CFT from 
the CFT itself. We start from the Cardy formula and get the CFT 
thermodynamics with minimal reasonable assumptions. The ther-
modynamics of the CFT we get is universal and may apply to any 
2D CFT with high excitations. This supports the thermodynamics 
method of black hole/CFT correspondence.
2. CFT from black hole thermodynamics
In the thermodynamics method of black hole/CFT correspon-
dence we get the thermodynamic quantities of CFT from ther-
modynamics of the black hole outer and inner horizons [13–15]. 
Usually, the ﬁrst law of the thermodynamics at the outer and in-
ner horizons are
dM = T+dS+ + Ω+dN, dM = −T−dS− + Ω−dN. (1)
For simplicity we only have two quantities of the black hole to 
vary, i.e. the mass M and one of the quantized charges N . Here 
T± , S± , Ω± are the temperatures, entropies, and chemical poten-
tials of the outer and inner horizons, respectively. The ﬁrst laws 
characterize the responses of the black hole to perturbations. Thus 
the entropy product S+S− being mass-independence is equivalent 
to the relation T+S+ = T−S− . We may deﬁne
F ≡ S+S−
4π2
. (2)
When T+S+ = T−S− is satisﬁed, F is a function of the charge N .under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
302 J.-j. Zhang / Physics Letters B 735 (2014) 301–304We recombine the black hole thermoeydnamics (1) and get
1
2
dM = TLdSL + ΩLdN, 1
2
dM = TRdSR + ΩRdN, (3)
with the deﬁnitions [8–10,13–15]
SL,R = 1
2
(S+ ± S−), TL,R = T−T+
T− ∓ T+ ,
ΩL = T−Ω+ − T+Ω−
2(T− − T+) , ΩR =
T−Ω+ + T+Ω−
2(T− + T+) . (4)
We identify TL,R , SL,R and ΩL,R as temperatures, entropies and 
chemical potentials of the left- and right-moving sectors of the 
dual CFT, and thus (3) as the ﬁrst laws of thermodynamics of the 
CFT.
Furthermore, from (3) we get
dN = T NL dSL − T NR dSR , (5)
with
T NL,R =RTL,R , R=
1
ΩR − ΩL . (6)
Here R has the dimension of length and is the characteristic 
length of the CFT. It is suggesting to identify R as radius of the cir-
cle the 2D CFT resides [10,13]. The dimensionless quantities T NL,R
are left- and right-moving temperatures of the CFT in terms of the 
characteristic energy 1R .
Supposing the validity of the canonical ensemble version of the 
Cardy formula
SL = π
2
3
cL T
N
L , SR =
π2
3
cR T
N
R (7)
we ﬁnd that T+S+ = T−S− is equivalent to the equality of the left-
and right-moving central charges
cL = cR . (8)
Moreover, in this case the central charges can be written as
cL,R = 6∂F
∂N
. (9)
For a black hole in diffeomorphism invariant gravity theory, its 
CFT dual is expected to be diffeomorphism invariant too. Thus we 
need cL = cR , and so T+S+ = T−S− , or equivalently the mass-
independence of the entropy product S+S− , is required for the 
black hole to have 2D CFT dual. But for a black hole in gravity the-
ory with diffeomorphism anomaly, its CFT dual has cL = cR , and 
so S+S− needs to be mass-dependent. Examples are black holes 
in three-dimensional topologically massive gravity (TMG) [16,17], 
and the thermodynamics method still applies to these cases [18]. 
This is in accord with tracing the mass-dependence of S+S− to the 
diffeomorphism anomaly of the theory [19].
3. CFT thermodynamics
In this section we investigate the thermodynamics in the CFT 
side and justify the assumptions in the last section. Our starting 
point is the microcanonical ensemble version of the Cardy formula 
[20]
SL = 2π
√
cLNL
6
, SR = 2π
√
cRNR
6
, (10)
as well as the canonical ensemble version one
SL = π
2
cL T
N
L , SR =
π2
cR T
N
R . (11)3 3Here NL,R are the levels of the excited state, and T NL,R are the di-
mensionless temperatures. The validity of (10) needs NL,R to be 
large NL,R  cL,R , and the validity of (11) needs T NL,R to be large 
T NL,R  1. Supposing that there are regions of parameters where 
both (10) and (11) are valid, and then we can get [21]
T NL =
1
π
√
6NL
cL
, T NR =
1
π
√
6NR
cR
. (12)
We discuss several cases.
3.1. Case I
The ﬁrst case is the one-dimensional dilute gas in a circle with 
constant radius R [22]. We suppose the left- and right-moving 
central charges are equal c = cL,R , and c is constant and does not 
depend on the energy M or charge N . In this case there are simple 
relations
N = NL − NR , M = NL + NRR , (13)
with NL,R being the quantized left- and right-moving momenta. It 
can be checked easily that [21]
dNL = T NL dSL, dNR = T NR dSR . (14)
Thus (5) could be got, and also we could get (3) with
ΩL,R = ∓ 1
2R , (15)
which is consistent to (6). Now there is
F = cN
6
, (16)
and then (9) is trivially satisﬁed.
Example is CFT dual to three-dimensional BTZ (Bañados–
Teitelboim–Zanelli) black hole [5]. For CFT dual to BTZ black hole 
with mass M and angular momentum J , there are the left- and 
right-moving entropies
SL,R = π
√
(M ± J )
2G
, (17)
with G being the Newton constant and  being the AdS radius. So 
we have
F = S
2
L − S2R
4π2
= 
4G
J , (18)
which is mass-independent. We choose N = J , and it is easy to see 
that the central charges and the radius of the circle the CFT resides 
are
cL,R = 3
2G
, R= . (19)
For CFT dual to ﬁve-dimensional Myers–Perry black hole with 
angular momenta Jφ and Jψ , in the Jφ picture there are the cen-
tral charges cφL,R = 6 Jψ [23,24], which are Jφ-independent, but 
there are no simple relations (13). So it is better to be classiﬁed 
as the second case.
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In the second case we suppose the central charge c = cL,R is 
mass-independent, but it may depend on the charge N . We deﬁne
F =FL −FR , FL,R = cNL,R
6
. (20)
For level matching condition we suppose that NL–NR is mass-
independent,
∂NL
∂M
= ∂NR
∂M
, (21)
and so F is mass-independent too. In this case we get
T NL dSL =
∂NL
∂M
dM + 6
c
∂FL
∂N
dN,
T NR dSR =
∂NR
∂M
dM + 6
c
∂FR
∂N
dN. (22)
This is different to (14) dual to the N-dependence of c. Using the 
relation (21), we get
T NL dSL − T NR dSR =
6
c
∂F
∂N
dN. (23)
Since both c and F are functions of N we can always get (5)
and (9) by redeﬁnition of N . We can also write (22) as
1
2
dM = T
N
L
R dSL + ΩLdN,
1
2
dM = T
N
R
R dSR + ΩRdN, (24)
with the deﬁnitions
R= 2∂NL,R
∂M
, ΩL,R = − 6
cR
∂FL,R
∂N
. (25)
It can be checked easily that
R= 1
ΩR − ΩL . (26)
These results are consistent with (3) and (6).
Examples are CFTs dual to four-dimensional Kerr black hole 
[6,7], four-dimensional Reissner–Nordström black hole [25–27] and 
four-dimensional Kerr–Newman black hole [25,28–30]. For CFT 
dual to four-dimensional Kerr black hole with mass M and angular 
momentum J , there are
SL = 2πGM2, SR = 2π
√
G2M4 − J2, (27)
with G being the Newton constant. So we have
F = S
2
L − S2R
4π2
= J2. (28)
It is natural to choose the charge N = J and get
cL,R = 12 J , R= 4G
2M3
J
. (29)
The left- and right-moving sector levels are
NL = G
2M4
2 J
, NR = G
2M4
2 J
− J
2
, (30)
and (21) could be veriﬁed. However we can also choose N = J2, 
which is still quantized, and then there would be
cL,R = 6, R= 8G2M3, (31)
and the levels are
NL = G2M4, NR = G2M4 − J2. (32)3.3. Case III
In the third case we suppose the central charges cL = cR , and 
both of them do not depend on the mass or charge. For level 
matching condition we suppose NL–NR is mass-independent. In 
this case there are (14), and so we can deﬁne
N = NL − NR (33)
to get (5). We can also get
1
2
dM = T
N
L
R dSL + ΩLdN,
1
2
dM = T
N
R
R dSR + ΩRdN, (34)
with the deﬁnitions
R= 2∂NL,R
∂M
, ΩL,R = − 1R
∂NL,R
∂N
. (35)
It can be checked easily that
R= 1
ΩR − ΩL . (36)
These results are consistent with (3) and (6).
Since cL = cR , we can deﬁne
cL,R = c ± b
2
, (37)
with c being related to the conformal anomaly and b being related 
to the diffeomorphism anomaly. We have
F = cLNL − cRNR
6
= cN
6
+ b(NL + NR)
12
, (38)
and so there are
b = 12R
∂F
∂M
, c = 6∂F
∂N
+ bR
2
(ΩL + ΩR). (39)
Examples are black holes in three-dimensional TMG, e.g. BTZ 
black hole and spacelike warped black hole [31–33]. For CFT dual 
to BTZ black hole in TMG with mass M and angular momentum J , 
there are the left- and right-moving entropies
SL = π
√(
1+ 1
μ
)
(M + J )
2G
,
SR = π
√(
1− 1
μ
)
(M − J )
2G
, (40)
with G being the Newton constant,  being the AdS radius, and μ
being the TMG coupling constant. So we have [19]
F = S
2
L − S2R
4π2
= 
4G
(
J + M
μ
)
, (41)
which is mass-dependent. We choose N = J , and it is easy to get
c = 3
2G
, b = 3
Gμ
, R= . (42)
4. Conclusion
In this letter we investigated the thermodynamics of the 2D 
CFT that are dual to black holes in the CFT side. According to the 
known properties of CFTs dual to black holes we discussed three 
cases. The ﬁrst case is a special one, the second one is more gen-
eral, and the third case is for theory with diffeomorphism anomaly. 
Our derivation is quite general and we have only made minimal 
reasonable assumptions. There are three of basic assumptions in 
the letter.
304 J.-j. Zhang / Physics Letters B 735 (2014) 301–304• The validity of both the microcanonical ensemble (10) and 
canonical ensemble (11) versions of the Cardy formula.
• The central charges cL,R are mass-independent.
• For level matching condition, NL–NR is mass-independent 
(21).
For all the cases we studied we can always get the thermodynam-
ics of the CFT (3) and (5). This result supports the thermodynamics 
method of black hole/CFT correspondence. Moreover, the thermo-
dynamics may be valid not only for CFTs dual to black holes, but 
also for general highly excited 2D CFTs.
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